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The classification of extended affine Lie algebras of type A1 depends on
the TKK algebras constructed from semilattices of Euclidean spaces. One can
define a Jordan algebra J (S) from a semilattice S of Rν(ν ≥ 1), and then
construct an extended affine Lie algebra of type A1 from the TKK algebra
G(J (S)) which is obtained from the inner Lie algebra Instrl(J (S)) of Jordan
algebra J (S) by the so-called Tits-Kantor-Koecher construction. The authors
of [AABGP] have proved that there is a one to one correspondence between the
set of all similarity classes of semilattices in Rν and the set of all isomorphism
classes of extended affine root systems of type A1 with nullity ν. In Euclidean
space R2 there are only two non-similar semilattices S and S ′, where S is a non-
lattice semilattice and S ′ is a lattice. In this paper, we study the automorphism
group of the inner structure Lie algebra Instrl(J (S)), where S is the non-lattice
semilattice of Euclidean space R2.















=, Jordan '4(1*).'4(?6)2 1 W
Uaf2WWd2rQI=zR M.
S. Lie E`ja





U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QG#a^	[x`Æ5`o`	 M.S. Lie ;E"HaW	
TNYh!<7aWf	)ov=HVaq#U&W 1934E H. Weyl ja (;`aNYh!</NYh`&Æm) !^Va6	Wag!^`2z (*&2M1z) J2!gz/`zaeEt*pq^vQEW	W*1hhg`&L-`s9av	$;_`&J`sWQvsUL-a,Wa&*p`^8p/x9	Q&%yÆz5^z/&Pavs!'*A a'qa_AYWÆm 8^8Ae
_AYWy gYWaI/t2W'XqW	YWÆ8^




H. Weyl 6`^>j%a*A#	*A p > 0 a'qa_AW (KqW') rCo`kGbV>jW3s*asOk	YWYW8j*M{a ([B1]) NYAWao!rQ	%_AWao3NYAW
Uaoqg	$ao*hbW%M1L-aU	b%%Q#3szFaU ([GS])2vQ$EW9	V.G. Kac/ R.V. Moodyakel/o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^%}a	 Kac-Moody WQ^VszR/PzR\#[/o
Kac-MoodyWn_p up/*ipuW
1Ua Kac-Moody W	$_AYWaaa6%	2fq%_AYW	Gvs_AYWamg&j 6%^uWq!^ Kac-MoodyW%}txleo	6 q Kac-MoodyWfvs6%R.V. Moody  S.E. Rao/ T. Yokonuma i/o
%
Kac-MoodyW	K toroidalW ([MRY, EM])Toroidal WuWas!6%$%uWadW/&H
2!$a}Qo:NYAa1990 E	R. Hoegh-Krohn/ B. Torresani 6%u Kac-MoodyW	j
naW	K"HaCYW ([H-Kt]) >W℄25:uW:uWÆq_AYW uWJ toroidal Waaa6% B. Allison, S. Azam / S. Berman q:uWaf/gU4ao ([AABGP, BGK]) #0x℄:uW s!a)	se	 *a℄OW  Jordan WJ`:3Qi#W	$+"_AYW ^,HuW 3:3%`:3W	3;+




ab = ba, (a2b)a = a2(ba), ∀a, b ∈ J ,65 J ' F qa
 JordanWJordan W Jordan Neumann/ Wigner 2o`za5ja Jordan W2` WJa#aM1q1Ua ([J2]) e
 Jordan W	j 2) Tits-Kantor-Koecher 4y (X [J2])`^
Wq! Jordan W J 	M0 Inder(J ) % J a\`W	 LJ % J ae: `^.2fV
Instrl(J ) := LJ ⊕ Inder(J )qi0 













=, Jordan '4(1*).'4(?6)2 36 Instrl(J ) 2q0 W7
W	5 Jordan W J afW Instrl(J ) 
vdaa3¯
La +D = −La +D, ∀a ∈ J, D ∈ Inder(J).M0 J̄ % JordanW J a
`s
N"Ha Tits-Kantor-Koecher4y (X [J2]) 	M0 `^
W
T (J ) = J ⊕ Instrl(J ) ⊕ J̄ ,Q:0 
[a1+b1+E1, a2+b2+E2] = −E2a1+E1a2−E2b1+E1b2+a1∆b2−a2∆b1+[E1, E2],QQ ai, bi ∈ J , Ei ∈ Instrl(J ), a∆b = Lab + [La, Lb] >Wt5H
Tits-Kantor-Koecher W	W5 TKK W
B. Allison, N. Azam / S. Berman 2) Euclid V Rν(ν ≥ 1) Qa
 S i
 Jordan W J (S) 	a6 Tits-Kantor-Koecher4y	> Jordan W J (S) 4A
 TKK W T (J (S)) 	jt
TKK W T (J (S)) `^
 A1 pa:uW ([AABGP]) #0;E4 Euclid V Rν QaaU% nullity  ν a A1 p:uUa3U

q	)V A1 p:uWa!J Euclid VQa4`^a TKK W ([AABGP]) 2aW	vA Euclid V





























Zν )jBa ν )^.7aH2Æ
GL2(C) 
' C qa 2 × 2  Du^.7aH2Æ
gl∞(C) 
' C q-L_)* a du^.7aH2Æ
GL∞(C)  gl∞(C) Q Du^.7aH2Æ
GL2(Z) B:qa 2 × 2  Du^.7aH2Æ
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§2.1 w Rν  ν A Euclid V	 S  Rν a
`Hk' S Æoa	:7
Rν )V*b1Y 0 ∈ S,−S = S, S + S ⊆ S(S + 2S ⊆ S) 	65 S 

() \a	# S = m⋃
i=0
Si 	QQ S0, · · · , Sm  2Zν 2 Zν Qa*3LH	)V S0 =
2Zν  S 7 Zν Qa
q σ ∈ S 	w xσ 
.	i
fV J (S) := ⊕
σ∈S
Cxσ 	2Qqi:ykW
xσ · xτ =
{
xσ+τ , m σ, τ ∈ S0 ∪ Si, 0 ≤ i ≤ m,
0, Q$	6 J (S) 
 Jordan W ([AABGP]) 	)VYE) x0 = 1 "7	w
LJ (S)  J (S) ae: `aH2M0 Inder(J (S)) % J (S) a^.\`7aW	6
Inder(J (S)) = {
∑
i
[Lbi , Lci]|bi, ci ∈ J (S)}.2fV
Instrl(J (S)) := LJ (S) ⊕ Inder(J (S))qiE
[La +D,Lb + E] = [La, Lb] + LDb − LEa + [D,E]QQ a, b ∈ J (S), D, E ∈ Inder(J (S)) 	6 Instrl(J (S)) 7
W	5 J (S) afWI^ [AABGP] 0 Tits-Kantor-Koecher 4y
([J2]) 	1 Instrl(J (S)) `^
"Ha TKK W T (J (S)) w S / S ′  Rν Qak'N2`s3 ϕ : Rν → Rν `













6 90&<-<53<7/865 S / S ′ aI^ [AABGP] E4 ν A Euclid V Rν QaaU% nullity  ν a A1 p:uUa3U

q2aW	vA Euclid V R2 QL*aa S / S ′ 	QQ S t S ′ ^I^ [T2, MT] &o S / S ′ 4`^a TKK WJ$0ahf `%IWo[ S vA Euclid V R2 Q	Kdh	
JordanW J (S)afW Instrl(J (S))aa3`G S = 2⋃
i=0
Si 	QQ S0 = 2Zδ1 + 2Zδ2, δ1 = (1, 0), δ2 = (0, 1) ∈ R2, Si = S0 + δi(i = 1, 2) "7	# S3 := S0 + δ1 + δ2, S4 := S1  2.1.1([T2]) W σ1, σ2 ∈ Si, τ1, τ2 ∈ Sj, 0 ≤ i, j ≤ 2 BT σ1 + τ1 =
σ2 + τ2 	
[Lxσ1 , Lxτ1 ] = [Lxσ2 , Lxτ2 ].w σ = σ1 + σ2 ∈ S3 	QQ σi ∈ Si(i = 1, 2)  2.1.1 	M0 #
Dσ := [Lxσ1 , Lxσ2 ]  2.1.2 Inder(J (S)) = spanC{Dσ|σ ∈ S3} ! Instrl(J (S)) = spanC{Lxσ , Dτ |σ ∈ S, τ ∈ S3} 	)VE0 
[Dσ, Dτ ] = 0, (2.1.1)




Dσ+τ , m σ ∈ S1, τ ∈ S2,
−Dσ+τ , m σ ∈ S2, τ ∈ S1,
0, Q$Xq, (2.1.2)




0, m σ ∈ S3, τ ∈ S0,
−Lxσ+τ , m σ ∈ S3, τ ∈ S1,
Lxσ+τ , m σ ∈ S3, τ ∈ S2. (2.1.3) SX	M0i





0, m σ, τ ∈ S0 ∪ Si, 1 ≤ i ≤ 3,
1, m σ ∈ Si, τ ∈ Si+1(i = 1, 2, 3),


















Lxσ , m σ ∈ S0 ∪ S1,
−Lxσ , m σ ∈ S2,
Dσ, m σ ∈ S3.!	 Instrl(J (S)) = spanC{T (σ)|σ ∈ Z2} 	)VE0 
[T (σ), T (τ)] = µ(σ, τ)T (σ + τ). (2.1.5)i|A	 L = spanC{T (σ)|σ ∈ S1 ∪ S2 ∪ S3}  Instrl(J (S)) a	 Z =
spanC{T (σ)|σ ∈ S0}  Instrl(J (S)) aQoV Instrl(J (S)) = L⊕ Z 
§2.2 p L rwn#Æx

Instrl(J (S)) a L 





0, m σ ∈ S0,
CT (σ), m σ ∈ S1 ∪ S2 ∪ S3.2>
e	M0[o Instrl(J (S)) a Z2− Ia3u 2.2.1 W G Z`L abelianU	A = ⊕γ∈GAγ Z`L G−KDF[	
ρ Z A I`Ld\MVNEb G I`Ld\M ρG XH ρ(Aγ) = AρG(γ), ∀γ ∈
G 	C ρ Z A I`L G− KDd\M℄Sa AutG(A) AY A I G− KDd\MU 2.2.2 W ψ ZPJU Z2 I`Ld\M	Eb A ∈ GL2(Z) 	XH
ψ(σ) = σA(σ ∈ Z2) [i
u λ : GL2(Z) → Z2 = {±1}qe A = (aij) ∈ GL2(Z)	i
λ(A) =
{
1, mN2 i ∈ {1, 2, 3}` (a11, a12) ∈ Si, (a21, a22) ∈ Si+1,













8 90&<-<53<7/8iE λ 
`3&	)Vqe σ, τ ∈ Z2, A ∈ GL2(Z) 	
µ(σA, τA) = µ(σ, τ)λ(A).u 2.2.3 W φ ZRF[ L I`L^_O	 φ Z L I`L Z2- KDd\MGTQGEb A = (aij) ∈ GL2(Z), a, b ∈ C∗ 	XH
φ(T (σ)) = λ(A)asbtT (σA), ∀ σ = (s, t) ∈ S1 ∪ S2 ∪ S3. (2.2.1)  ?siE	W3M0WE4sw φ  L a
 Z2− Ia3	 ρ a! φ a Z2 aa3 2.2.2 	N2
 A = (aij) ∈ GL2(Z) ` ρ(σ) = σA, ∀σ ∈ Z2 M0w
φ(T (δ1)) = λ(A)aT (δ1A), φ(T (δ2)) = λ(A)bT (δ2A),
φ(T (−δ1)) = λ(A)cT (−δ1A), φ(T (−δ2)) = λ(A)dT (−δ2A),QQ a, b, c, d ∈ C∗  (2.1.5) 		M0
φ(T (δ1 + δ2)) = abλ(A)T ((δ1 + δ2)A), φ(T (δ1 − δ2)) = adλ(A)T ((δ1 − δ2)A),
φ(T (−δ1+δ2)) = cbλ(A)T ((−δ1+δ2)A), φ(T (−δ1−δ2)) = cdλ(A)T ((−δ1−δ2)A). 
[T (−δ1 + δ2), T (δ1)] = T (δ2), [T (δ2), T (δ1 − δ2)] = T (δ1),"
[φ(T (−δ1+δ2)), φ(T (δ1))] = φ(T (δ2)), [φ(T (δ2)), φ(T (δ1−δ2))] = φ(T (δ1)),K
[cbλ(A)T ((−δ1 + δ2)A), λ(A)aT (δ1A)] = λ(A)bT (δ2A),
[λ(A)bT (δ2A), adλ(A)T ((δ1 − δ2)A)] = λ(A)aT (δ1A),Jt
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